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Let G be a finite abelian group, it is a difficult and unsolved problem to find
a number field F whose ideal class group is isomorphic to G. In [WAS],
Corollary 3.9 and in [COR], Theorem 2, it is proved that every finite abelian
group is isomorphic to a factor group of the ideal class group of some number field.
Furthermore, O. Yahagi [YAH] has proved that, if l is a prime number, every
finite abelian l-group is isomorphic to the l-Sylow subgroup of the ideal class
group of some number field. In this paper, we prove similar results for the function
field case.  1998 Academic Press
INTRODUCTION
In 1979, H. Stichtenoth [STI2] proved that if G is a finite abelian group
of exponent E and order h such that: E2 and hE cE 4 with c=2
(48e&1)4, then G is not isomorphic to the group of divisor classes of a
global function field. However, we examine a different question which
seems to be, for us, the analogue of the number field case.
Let Fq(T ) be a rational function field over a finite field Fq , we call the
following problem ‘‘the class group problem for function fields:’’ let G be a
finite abelian group, does there exist a finite separable extension KFq(T )
whose constant field is Fq , such that G is isomorphic to the ideal class
group of the integral closure of Fq[T] in K?
Now, we give a brief survey of our main results. We refer the reader to
the first section for the notations. Let G be a finite abelian group. In
Section 2, we prove that there exist infinitely many geometric cyclic exten-
sions KFq(T) such that G is isomorphic to a subgroup of CK , where CK
is the ideal class group of K (Theorem 2.2). Furthermore, if the order of G
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is prime to the characteristic of Fq , we prove that there exist infinitely
many cyclotomic function fields k(N) such that G is isomorphic to a sub-
group of Ck(N) (Theorem 2.3). Let l be a prime number. In Section 3 we
investigate the case where G is a finite abelian l-group. In this section, we
prove that there exist infinitely many geometric cyclic l-extensions KFq(T )
such that G is isomorphic to the l-Sylow subgroup of CK (Theorem 3.4).
The technics that we have used to obtain these results are based on those
developped for the number field case, namely: we have made an intensive
employment of Hilbert class fields (see [ROS]) and genus field theory for
function fields (see [ANG], Section 2). Note that when G is a cyclic group
we have a positive answer to the class group problem (see Lemma 2.1), but
for a general finite abelian group, we have no idea if the answer to that
problem is positive or negative.
1. PRELIMINARIES
(1.1) We first fix some notations. Let k=Fq(T ) be a rational function
field over a finite field Fq having q elements, and let p be the characteristic
of k. Let kac be an algebraic closure of k. All the extensions of k considered
in this paper are contained in kac.
Let Kk be a finite extension, we have the following notations:
v SK : the set of all places of K above 1T;
v OK : the integral closure of Fq[T] in K;
v EK : the group of units of OK ;
v CK : the group of ideal classes of OK , hK=*(CK), if l is a prime
number, we denote the l-Sylow subgroup of CK by CK, l ;
v IK : the group of ide les of K;
v for a place P of K, we denote the completion of K at P by KP ;
v HK : the ‘‘Hilbert class field’’ of K with respect to OK (see [ROS]).
We say that the extension Kk is ‘‘geometric’’ if Kk is a finite separable
extension such that the constant field of K is Fq .
If A is a ring with unity, we denote the group of invertible elements of
A by A*.
(1.2) We recall some well-known results about cyclotomic function
field. We refer the reader to [GAL6ROS] and [HAY] for more general
results. The reader should also consult the book of David Goss [GOS],
especially the Chapter 7 of this book.
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Let ,: Fq[T]  EndFq k
ac be the morphism of Fq -algebras defined by:
,T=TX+Xq. The morphism , is called the Carlitz-module. Let M # Fq[T],
M{0, and set:
4M=[‘ # kac | ,M(‘)=0].
The M th cyclotomic function field is k(M )=k(4M). We have the following
Theorem:
1.2.1. Theorem. We have the following properties:
(1) k(M )k is an abelian extension and:
Gal(k(M )k)$\ Fq[T]MFq[T]+
*
.
(2) Let M # Fq[T]"Fq . The decomposition group of 1T in k(M) is
(Fq)*, it is also the inertia group of 1T in k(M).
(3) The primes P in Fq[T] which are ramified in k(M ) are precisely
the primes which divide M.
(4) If M=Pa, where P is a prime of Fq[T], then P is totally ramified
in k(M).
Proof. For (1), see [HAY], Theorem 2.2. See [HAY], Proposition 2.2
for (4), and note that (3) is a consequence of (4). See [GAL6ROS],
Corollary 1.2 and Proposition 1.3 for (2). K
(1.3) In this paragraph, we recall some basic properties of Dirichlet
characters. We refer the reader to [WAS], Chapter 3, for more general
results.
Let M # Fq[T]"[0]. We set:
GM=\ Fq[T]MFq[T]+
*
.
A Dirichlet character mod. M is a morphism / : GM  (C)*. If M divides
N, then / induces a morphism GN  (C)* by composition with the natural
map: GN  GM . We choose M unitary and minimal and call it the conduc-
tor of /, denoted by F/ .
A Dirichlet character / is called ‘‘real’’ if /((Fq)*)=[1]. Since Gal
(k(M )k)$GM , a Dirichlet character mod. M is also a Galois character.
Let / be a Dirichlet character mod. M, then /: GM  (C)*. Let K be
the subfield of k(M ) which is the fixed field of Ker /. Note that k(N) is a
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subfield of k(M ) if and only if N divides M (use Theorem 1.2.1 and look
at the ramification indexes). Thus, the minimal N such that K/k(N) is F/ .
The field K depends only on / and is called the field belonging to /. We
have:
Gal(Kk)=(/) ,
where Gal(Kk) is the group of characters of Gal(Kk).
More generally, let X be a finite group of Dirichlet characters and let M
be the least common multiple of the conductors of the characters in X.
Then X is a subgroup of the group of characters of GM . Set:
H= ,
/ # X
Ker /,
it is a subgroup of GM . Let K be the fixed field of H. The field K is called
the field belonging to X and we have:
Gal(Kk)=X.
Let X1 and X2 be two finite groups of Dirichlet characters and let K1 , K2
be the fields belonging to X1 , X2 respectively. Then:
v X1 /X2  K1 /K2 ;
v K1K2 is the field belonging to the group generated by X1 and X2 ,
where K1K2 is the compositum of K1 and K2 .
Let N # Fq[T]"Fq , and let / be a Dirichlet character mod. N. Let
N=> Pa be the decomposition of N in prime factors, then we have the
following isomorphism:
GN $‘ GP a ,
thus, we can write / as:
/=‘ /P ,
where /P is a Dirichlet character mod. Pa. Let X be a group of Dirichlet
characters mod. N, set:
XP=[/P | / # X ].
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1.3.1. Theorem. Let X be a group of Dirichlet characters mod. N, and
let K be the field belonging to X. Let P be a prime in Fq[T], and let e(P)
be the ramification index of P in K. Then:
e(P)=*(XP).
Proof. See [WAS], Theorem 3.5. K
1.3.2. Lemma. Let / be a Dirichlet character mod. N, and let K be the
field belonging to /. Let e() be the ramification index of 1T in K. Then:
e()=*(/((Fq)*)).
Proof. We know that Gal(Kk)=(/). Thus, if Z is the inertia group of
1T in K, we have:
e()=*(/(Z)).
Now, it remains to apply Theorem 1.2.1. K
2. ABELIAN GROUPS AS SUBGROUPS OF SOME
IDEAL CLASS GROUPS
In this section, we will show that every abelian group G is a subgroup
of the ideal class group of a geometric extension of k (Theorem 2.2), and,
if the order of G is prime to p, then it is a subgroup of the ideal class group
of a cyclotomic function field (Theorem 2.3.).
When G is a cyclic group, the following Lemma shows that we have a
positive answer to the class group problem.
2.1. Lemma. Let G be a cyclic group of order d. Then, there exist
infinitely many geometric extensions Kk such that G$CK .
Proof. Let Q(X ) be an irreducible polynomial in Fq[X]. Let v be a
root of Q(X)&T. Set E=k(v), then E=Fq(v). Let P(X ) be an irreducible
polynomial of degree d in Fq[X]. Let u be a root of the polynomial
Xd&vP(X ). Set K=E(u), then K=Fq(u). Let P be the place of K that
divides P(u), then P is the unique place of K above 1T. This place is of
degree d, thus by [ROS], Lemma 4.1, we have:
CK $
Z
dZ
.
This establishes the Lemma. K
150 BRUNO ANGLES
File: DISTL2 222506 . By:CV . Date:14:05:98 . Time:10:57 LOP8M. V8.B. Page 01:01
Codes: 2854 Signs: 1477 . Length: 45 pic 0 pts, 190 mm
2.2. Theorem. Let G be a finite abelian group. Then, there exist
infinitely many geometric cyclic extensions Kk such that G is isomorphic to
a subgroup of CK .
Proof. We refer the reader to the Section 1 for the notations, and
especially to the paragraph 1.3 of this section.
Write G=G1_G2 , where G1 is the p-Sylow subgroup of G. We suppose
that G1 and G2 are non-trivial, one has to change a little bit our proof to
prove the Theorem in the other cases. Write:
G2=
Z
n1 Z
 } } } 
Z
nrZ
,
and:
G1=
Z
p:1Z
 } } } 
Z
p:tZ
,
where 1:1 } } } :t=n.
Let P1 , ..., Pr , Pr+1 be r+1 primes in Fq[T] such that:
(i) qdeg Pi#1(mod ni (q&1)), for i=1, ..., r;
(ii) qdeg Pr+1#1(mod >ri=1 n i (q&1)).
Let Q1 , ..., Qt , Qt+1 be t+1 primes in Fq[T] distincts from the Pi ’s, and
let m1 , ..., mt , mt+1 be t+1 integers such that
(a) GQimii contains a cyclic subgroup of order p
:i, for i=1, ..., t;
(b) GQt+1mt+1 contains a cyclic subgroup of order p
n.
Let /i be a character mod. Pi of order ni , i=1, ..., r. Let /r+1 be a
character mod. Pr+1 which generates the group of characters of GPr+1 .
Let j be a character mod. Qmjj of order p
:j, j=1, ..., t. Let t+1 be a
character mod Qmt+1t+1 of order p
n.
Let X be the group of Dirichlet characters generated by [/1 , ..., /r+1 ,
1 , ..., t+1]. Set /=/1 } } } /r+11 } } } t+1 .
Let L be the field belonging to X, and let K be the field belonging to /.
Note that /1 , ..., /r , 1 , ..., t+1 are real characters, thus:
/((Fq)*)=/r+1((Fq)*).
Note also that X is equal to the direct product:
X=(/1)_ } } } _(/r)_(1)_ } } } _(t)_(/).
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Now, by Theorem 1.3.1 and Lemma 1.3.2, we have:
L/HK .
But Gal(LK)$G, and recall that Gal(HKK)$CK ([ROS], Theorem 1.3).
Thus, G is isomorphic to a subgroup of CK .
The fact that there exist infinitely many sets of primes [P1 , ..., Pr+1 ,
Q1 , ..., Qt+1] comes from the Tchebotarev density Theorem (see [FRI6JAR],
Chapter 5). K
2.3. Theorem. Let G be a finite abelian group of order prime to p. Then,
there exist infinitely many N # Fq[T]"Fq such that G is isomorphic to a
subgroup of Ck(N) .
Proof. This Theorem is analogous to the result obtained by G. Cornell
in the number field case (see [COR]).
The Theorem is obvious when G is trivial, thus we suppose that G is
nontrivial. Let K be the T th cyclotomic function field if q3, and let K be
the T 2 th cyclotomic function field if q=2. Then [K : k]>1 and hK=1.
Write:
G=
Z
n1 Z
 } } } 
Z
nr Z
.
If q3, let P1 , ..., Pr be r primes in Fq[T] of degrees 2 such that:
(i) qdeg Pi#1(mod ni (q&1)), i=1, ..., r;
(ii) Pi splits totally in K, i=1, ..., r.
If q=2, let P1 , ..., Pr be r primes in Fq[T] of degrees 2 such that:
(i)$ for i=1, ..., r, Pi splits totally in K(‘ni ,
ni- =), where ‘ni is a
primitive ni th root of unity, = is a fundamental unit of EK .
The Tchebotarev density Theorem tells us that there exist infinitely many
sets of primes [P1 , ..., Pr] having properties (i), (ii) in case q3 or (i)$ in
case q=2.
For each i, i=1, ..., r, we fix a prime pi of K above Pi . We consider the
subgroup of IK :
Upi=K* ‘
v # SK
K*v U 1pi ‘
v  SK , v{pi
Uv ,
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where Uv is the group of units of Kv and U 1v=1+Mv , where Mv is the
maximal ideal of the valuation ring of Kv . Let KpiK be the abelian exten-
sion associated to Upi . Since hK=1, we have the following exact sequence:
1 
EK+p i
p i
 \OKpi +
*
 Gal(K piK )  1.
We see that KpiK is a cyclic extension, pi is the unique prime of K ramified
in Kpi, pi is totally ramified in K pi, and the conditions on the Pi ’s imply
that ni divides [Kpi : K] and [Kpi : K] divides qdeg Pi&1.
Set F=Kp1 } } } Kpr, then, since hK=1, we have:
Gal(FK )$ ‘
r
i=1
Gal(KpiK ).
Thus, G is isomorphic to a subgroup of Gal(FK ). Set N=TP1 } } } Pr if
q3 and N=T 2P1 } } } Pr if q=2. Then K/k(N ).
Let E=F & k(N). It is clear that K/E. If Pi is ramified in E for some
i, then the conjugates of pi under the action of Gal(Kk) are ramified in E.
But E/F, thus only p1 , ..., pr can ramify in E. We deduce from this that
E/HK . Thus E=K.
Now, by Theorem 1.2.1 and Abhyankar’s Lemma (see [STIR],
Proposition 3.8.9): Fk(N )/Hk(N ) . But we have:
Gal(Fk(N )k(N ))$Gal(FK ).
The Theorem follows. K
3. ABELIAN l-GROUPS AS SYLOW SUBGROUPS
OF SOME IDEAL CLASS GROUPS
Let l be a prime number. We prove that every finite abelian l-group is
isomorphic to the l-Sylow subgroup of the ideal class group of some
geometric extension of k (Theorem 3.4). We have been inspired by the
work of O. Yahagi [YAH] for number fields.
First, we prove some key Lemmas.
3.1. Lemma. Let Ek be a finite extension such that l does not divide hE .
Let LE be a cyclic l-extension of degree n. Let _ be a generator of
G=Gal(LE ), and let L be the maximal abelian l-extension of E contained
in HL . Then:
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(i) for a prime P of E, let e(P) be the ramification index of P in L,
let p be a prime of L above P and set nP=[Lp : EP], let N be the norm from
L to E, we have:
[L : L]=
>P  SE e(P) >P # SE nP
n((OE)* : (OE)* & N((L)*))
;
(ii)
CL, l
C 1&_L, l
$Gal(L L).
Proof. Let 1 be the maximal abelian extension of E contained in HL ,
then by [ANG], Theorem 2.2:
[1 : L]=hE
>P  SE e(P) >P # SE nP
n((OE)* : (OE)* & N((L)*))
,
and:
CL
C 1&_L
$Gal(1L).
This proves (i).
Note that the Artin symbol leads to a surjective morphism:
, : CL, l  Gal(L L).
We have C 1&_L, l /Ker ,. But C
G
L, l /C
G
L , thus *(C
G
L, l) divides [L : L].
But:
*(C GL, l)=*\ CL, lC 1&_L, l + .
This gives (ii). K
3.2. Lemma. We keep the hypothesis of Lemma 3.1. Let . : C GL, l 
CL, l C 1&_L, l be the morphism which sends every element of C
G
L, l to its class
mod. C 1&_L, l . Then, the following assertions are equivalent:
(i) . is surjective,
(ii) . is injective,
(iii) CL, l=C GL, l .
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In these cases, we have:
CL, l $Gal(L L).
Proof. Since our situation is similar to the number field case, we refer
the reader to [YAH], Lemma 2. K
3.3. Lemma. Let Kk be a finite extension. Let EK be a cyclic extension
of degree lm, m1, such that there exists a prime P of K which is totally
ramified in E. Let LK be a cyclic extension of degree ln, n>m, such that
P ramifies in L. Furthermore, we suppose that:
(a) E & L=K,
(b) the ramification index of P in EL is equal to lm.
Let L0 be the subfield of L of degree l over K. Then, the following asser-
tions are equivalent:
(i) there exists an unique prime of L0 above P,
(ii) there exists an unique prime of EL above P.
Proof. It is clear that (ii) implies (i). Now, let’s suppose that (i) is
verified. Note that (i) is equivalent to the fact that there exists an unique
prime of L above P because LK is cyclic.
Let Z be the decomposition group of P in EL, and let T be the inertia
group of P in EL.
Let $ # T & Gal(ELE). Let ELT be the fixed field of T, and let EL$ be
the fixed field of $. We have ELT/EL$, and by hypothesis (a) and (b):
[ELT : K]=ln. We have E/EL$, and since ELTK is unramified at P
we have: E & ELT=K. Thus EL$=EL. This implies $=1, i.e.,
T & Gal(ELE)=[1].
By (a), we have:
G=Gal(ELK )=Gal(ELL)_Gal(ELE ).
Let _ be a generator of Gal(ELL) and let \ be a generator of Gal(ELE ).
Note that T Gal(ELE)Gal(ELE ) is a subgroup of GGal(ELE ), and
this latter group is cyclic. But:
T$
T Gal(ELE )
Gal(ELE )
,
thus T is cyclic.
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Note that T is not contained in Gal(ELL). Since *(T )=lm, we can
suppose:
T=(_\ln&m).
Now, there exists an unique prime of L above P, thus we have a surjective
morphism:
Z  Gal(LK ).
This implies that G=Z Gal(ELL). Thus, there exist c # Z and z # Z such
that:
\=_cz.
Therefore, we have:
_1+cln&m=_\ln&mz&ln&m.
Since n>m, we have _ # Z. Thus G=Z, and this implies (ii). K
3.4. Theorem. Let l be a prime number. Let G be a finite abelian
l-group with exponent lm, m0. Then, there exist infinitely many geometric
cyclic l-extensions Fk such that G is isomorphic to CF, l .
Proof. We first treat the case m=0.
If l{ p, let P be a prime in Fq[T] such that qdeg P#1(mod l(q&1)), we
can find infinitely many such P. Let F/k(P) be of degree l over k. Then
Fk is cyclic and by [ROS], Proposition 2.5, l does not divide hF .
If l= p, let P be a prime in Fq[T] and let F be a subfield of k(P2) of
degree p over k. Then Fk is cyclic and by [ROS], Proposition 2.5, p does
not divide hF .
We suppose m1.
Write:
G=
Z
le1Z
 } } } 
Z
letZ
,
with 1e1 } } } et=m. Let n=et+1 be an integer strictly greater
than m.
v Case l{ p.
Let P1 , ..., Pt+1 be t+1 primes in Fq[T] such that:
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(i) qdeg Pi#1(mod lei (q&1)) for i=1, ..., t+1; let ki /k(Pi) of
degree lei over k, i=1, ..., t+1;
(ii) there exists an unique prime of kt+1 above Pi , i=1, ..., t.
v Case l= p.
Let P1 , ..., Pt+1 be t+1 primes in Fq[T] and let r1 , ..., rt+1 be t+1
integers such that:
(i) GPiri contains a cyclic subgroup of order p
ei, i=1, ..., t+1; let ki
be a subfield of k(Prii ) which is cyclic of degree p
ei over k, i=1, ..., t+1;
(ii) there exists an unique prime of kt+1 above Pi , i=1, ..., t.
In each case, by the Tchebotarev density Theorem, we can find infinitely
many sets of such primes [P1 , ..., Pt+1].
Set K=k1 } } } kt+1 , then:
Gal(Kk)$ ‘
t+1
i=1
Gal(k i k).
Let _i be a generator of Gal(ki k), i=1, ..., t+1. Let H be the subgroup of
Gal(Kk) generated by _i _&l
n&ei
t+1 , i=1, ..., t. Let F be the fixed field of H.
We have:
G$Gal(KF ).
Note that the inertia group of Pi in Gal(Kk) is Gal(ki k). Furthermore,
for i=1, ..., t, we have:
_i #_l
n&ei
t+1 (mod H ).
Thus, for i=1, ..., t+1, the ramification index of Pi in F is lei. Thus
K/HF , and, by Lemma 3.1, we have:
K=F ,
where F is the maximal abelian l-extension of k contained in HF . Note that
[F : k]=ln and n>ei , i=1, ..., t. Thus, if F0 is the subfield of F of degree
l over k, we have F0 /kt+1 . Therefore, there exists an unique prime pi of
F above Pi , i=1, ..., t.
For i=1, ..., t, set Ki=kiF. We have:
Gal(KF )$ ‘
t
i=1
Gal(Ki F ).
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Let S be the free abelian group generated by p1 , ..., pt . By Lemma 3.1, we
have:
CF, l
C 1&_F, l
$ ‘
t
i=1
Gal(Ki F ),
where _ is a generator of Gal(Fk)=U. We consider the following map:
S  C UF, l  ‘
t
i=1
Gal(Ki F )
p [ Cl(p) [ ‘
t
i=1
(p, Ki F ),
where ( } , Ki F ) is the Artin map.
This leads to a ZlZ-linear map:
 :
S
Sl

> ti=1 Gal(Ki F )
(>ti=1 Gal(K i F ))
l ,
which determines a matrix M whose (i, j)th element is:
(pi , Kj F )(mod Gal(Kj F )l).
For i{ j, we have:
(pi , Kj F )=(Pi , kj k)l
n&ei.
Since n>ei , i=1, ..., t, for i{ j, the (i, j)th element of the matrix M is
trivial. Now, by Lemma 3.3, the (i, i)th element of the matrix M is non-
trivial. Thus, M is of rank t. This implies that  is a surjection. Thus the
morphism of Lemme 3.2:
. : C UF, l 
CF, l
C 1&_F, l
is surjective. Therefore, by Lemma 3.2:
CF, l $Gal(KF ).
This establishes the Theorem. K
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